arXiv:math/0512326vl [math.CA] 14 Dec 2005 


Proc. Indian Acad. Sci. (Math. Sci.) Vol. 115, No. 4, November 2003, pp. 499-507. 
Printed in India 


A-Statistical extension of the Korovkin type approximation 
theorem 

ESRA ERKU§^ and OKTAY DUMAN^ 

'Department of Mathematics, Faculty of Sciences and Arts, ^anakkale Onsekiz Mart 

University, Terzioglu Kampusu 17020, ^anakkale, Turkey 

^Faculty of Arts and Sciences, Department of Mathematics, TOBB University of 

Economy and Technology, Sogiitozu 06530, Ankara, Turkey 

E-mail: erkus@comu.edu.tr; oduman@etu.edu.tr 


MS received 3 October 2004 

Abstract. In this paper, using the concept of A-statistical convergence which is a 
regular (non-matrix) summability method, we obtain a general Korovkin type approx¬ 
imation theorem which concerns the problem of approximating a function / by means 
of a sequence {L„f} of positive linear operators. 
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1. Introduction 

Let A = {ajn) be an infinite summability matrix. For a given sequence v := (x„), the 
A-transfonn of x, denoted by Ax := {(Ax)j), is given by {Ax)j = Yf^=\CijnXn provided 
the series converges for each j G N, the set of all natural numbers. We say that A is 
regular if limAjc = L whenever lim.r = L 0|. Assume that A is a non-negative regular 
summability matrix. Then v = {x„) is said to be A-statistically convergent to L if, for 
every e > 0, = 0, which is denoted by stA — lim;c = L j9l (see also 

mn). We note that by taking A = Ci, the Ces^o matrix, A-statistical convergence 
reduces to the concept of statistical convergence (see IsIToITtI for details). If A is the 
identity matrix, then A-statistical convergence coincides with the ordinary convergence. It 
is not hard to see that every convergent sequence is A-statistically convergent. However, 
Kolk |T3l showed that A-statistical convergence is stronger than convergence when A = 
{ajn) is a regular summability matrix such that lim,- max,, \ajn | = 0. It should be noted that 
A-statistical convergence may also be given in normed spaces M- 

Approximation theory has important applications in the theory of polynomial approx¬ 
imation, in various areas of functional analysis 11113151121151 The study of the Korovkin 
type approximation theory is a well-established area of research, which deals with the 
problem of approximating a function / by means of a sequence {L«/} of positive lin¬ 
ear operators. Statistical convergence, which was introduced nearly fifty years ago, has 
only recently become an area of active research. Especially it has made an appearance in 
approximation theory (see, for instance, 1711 1 1 ). The aim of the present paper is to inves¬ 
tigate their use in approximation theory settings. 

Throughout this paper / [0,oo). As usual, let C(/) := {/: / is a real-valued continuous 

functions on /}, and Cb{I) := {/ G C(/); / is bounded on /}. Consider the space H„ of 
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all real-valued functions / defined on I and satisfying 

y 


\f{x)-f{y) \ <w(f\ 


l+x l-fy 

where w is the modulus of continuity given by, for any 5 > 0, 
w(/;5):= sup |/(x)-/(y)|. 

x,yel 

\x-y\<S 


Assume that L is a linear operator mapping EI^ into Cb{I)- As usual, we say that L is a 
positive linear operator provided that / > 0 implies Lf >0, / G H„. Also, we denote the 
value of Lf at a point x G / by L{f{u)-,x) or simply L{f-,x). 

We now recall that ^akar and Gadjiev O obtained the following result. 

Theorem A. Let {L„} be a sequence of positive linear operators from E[„ into Cb{I)- 
Then, the uniform convergence of the sequence {Lnf} to f on I holds for any function 
f € H„ if the sequences {L„(pi} converge uniformly to (pi, where (pi{u) = , i = 0,1,2. 


2. A-Statistical approximation 

In this section, replacing the limit operator by the A-statistical limit operator and consid¬ 
ering a sequence of positive linear operators defined on the space of all real-valued con¬ 
tinuous and bounded functions on a subset /'" of R'”, the real m-dimensional space, where 
/'" : = / X / X • • • X /, we give an extension of Theorem A. 

To achieve this we first consider the case of m = 2. 

Let K := = [0,°°) x [0,°°). Then, the sup norm on Cb{K) is given by 

ll/ll := sup |/(x,y)|, feCB{K), 

{x,y)eK 

and also the value of Lf at a point (x,y) € K is denoted by L{f{u,v)',x,y) or simply 
Lif-,x,y). 

We consider the modulus of continuity h’ 2 (/; 5i, ^ 2 ) (for the functions of two variables) 
given by, for any 5i, 82 >0, 

W2(/;5i, 52) :=sup{|/(M,v)-/(x,y)|: (u,v),(x,y) eK, and 
|m — x| < 5i, |v — x| < § 2 }. 

It is clear that a necessary and sufficient condition for a function / G Cb(K) is 

lim W2(/;5 i,52) =0. 
ai^o, 52^0 

We now introduce the space of all real-valued functions / defined on K and satisfying 


|/(M,v)-/(x,y)| <W 2 /; 


\+u 1 +x 


1-fv l+y 


( 2 . 1 ) 


Then observe that any function in H„^ is continuous and bounded on K. 
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With this terminology we have the following: 

Theorem 2.1 . Let A = (ajn) be a non-negative regular summability matrix, and let {Ln\ 
be a sequence of positive linear operators from into Cb{K). Then, for any f G 

sfA-lim||L„/-/|| =0 (2.2) 

n 

is satisfied if the following holds: 

sfA-lim||L„/;-/;|| =0, 1 = 0,1,2,3, (2.3) 

n 


where 


Mu,v) = 1, /i(m,v) 


/3(m,v) 



u 

1 + w ’ 


/2(m,v) 



V 

T+^’ 


Proof Assume that (2.3) holds, and let / S H„^. By (2.3), for every e > 0, there exist 
5i,52 > 0 such that |/(m,v) — f{x,y) \ < £ holds for all (m,v) S K satisfying | ~ i^| < 


and — 

l+v 


y 

i+y 


< & 2 - Let 


•= |(«a) G K: 


1 + M 1 +X 


< 5i and 


1+y 


<52 


Hence we may write 

\f{u,v) - fix,y)\ = |/(M,v)-/(x,y)|x^ 5 ^ ^^(M,v) 

+ I/(m, v) - f(x,y) I XK\Ks^ ,52 («>'') 

< e-\-2MxK\Ks^g^{u,v), (2.4) 


where Xr denotes the characteristic function of the set R andM := ||/||. We also get that 


1/m x\ 1/v 

Xk\Ks^,s,M<-^[TT~u~TT~x) 

Combining (2.4) with (2.5) we have 

\ f! M / 2M I / U 
f{x,y)\ <£+- 


52 ]\ 1 +M \+x) \l+v 1+y 


l+v 1+y 


V y 


(2.5) 


(2.6) 


where 5 := min{5i, 52 }. Using linearity and positivity of the operators we get, for any 

n e N, 


|L«(/;x,y) - f{x,y) | < L„ ( |/(m, v) - f{x,y) | ;x,y) 

+ \f{x,y)\ |L«(/o;x,y) -/o(x,y)|. 
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Then, by (2.5), we obtain 

\i^n{f-,x,y)-fix,y)\ < eL„{fo;x,y) 



x,y 


+ M\L„{fo-,x,y)-fo{x,y)\. 

By some simple calculations we have 

\i^n{f-,x,y)-fix,y) \ <e + {e+M) |L„(/o;x,y) -/o(x,y)| 


2M 


2 x 


+ TT i l^n{h\x,y) - Y^Ln{h\x,y) 


52 

2y 

i+y 


Lnif 2 ',x,y) 


+ 


1 +x 


1+y 


Lnifo;x,y) 


= e + (e+M) \Ln{fo;x,y) - foix,y)\ 

2M , , , , ,, 

+ -^ i^’‘if3-,x,y)-h{x,y)) 


AM f X 


52 \l+x 

4M / y 


52 \l+y 


2M 


(L„(/i;x,y) -f\{x,y)) 


{Ln{f 2 \x,y) - f 2 {x,y)) 


5 ^ V V 1 


1+y 


X (L„(/o;x,y)-/o(x,y)) 


< e + 


/ AM\ 

( e+M+-^j |L„(/o;x,y)-/o(x,y)l 


4M, , , , ,, 

+ ^\l^n{f\\x,y) - fi{x,y)\ 

4M, , , , ,, 

+ \l^n{f2\x,y)-f2{x,y)\ 

2M 

+ -^\^n{h\x,y)-fi{x,y)\. 
Then, taking supremum over (x,y) € K we have 

||i-„/-/|| <e + B{||Wo-/o|| + ||Wi-/i|| 

+ l|i-«/2-/2|| + ||W3-/3l|}, 


(2.7) 
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where B := e + M+ For a given r > 0, choose e > 0 such that e < r. Define the 
following sets: 

D ={n\ \\Lnf-f\\ >r], 

Di:=|n: ||L„/o-/o|| > , 

D2-.= \n-. ||L„/i-/i||>!:^|, 

Dr.= \n: ||L„/ 2 -/ 2 ||>^|, 

D4:=|n: ||L„/3-/ 3 II > ^|. 

It follows from (2.7) that D^D\ UD 2 UD 3 UD 4 . Therefore, for each j G M, we may write 

0 .jn ^ ^jn~^ ^jn~^ ^jn~^ ^jn- ( 2 . 8 ) 

n€D n€:D[ n€D 2 

Letting j ^ (2.8) and using (2.3) we conclude that 

lim ^ a j„ = 0 , 

n^D 

whence gives (2.2). So the proof is completed. □ 

Now replace by 7™ := [0,°°) x • • • x [ 0 ,oo) and consider the modulus of continuity 
Wm{f', ,..., 5m) (for the functions / of m-variables) given by, for any 5i,..., 5m > 0 , 

5m) := sup{ |/(mi ,... , Mm) - f{xi ,... ,Xm) | : 

(mi ,..., Mm )5 (xi,... ,Xm) € 7 

and IM,' — X,'I < 5,', i = 1 , 2 ,...,m}. 

Then let be the space of all real-valued functions / satisfying 


|/(Mi,...,Mm)-/(xi,...,Xm) 


(f 

U\ 

XI 


\ -\-U\ 

1 +Xl 


Mm 

1 “t“ Mm 



Therefore, using a similar technique in the proof of Theorem 2.1 one can obtain the fol¬ 
lowing result immediately. 


Theorem 2.2. Let A = (ajn) be a non-negative regular summability matrix, and let {Ln} 
be a sequence of positive linear operators from into Then, for any function 

-lim||L„/-/|| =0 


is satisfied if the following holds: 

sfA-lim||L„/; -/;|| =0, 1 = 0, l,...,m-f 1 
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where 



fm +1 1 ; ■ ■ ■ 5 ) — 



Remark. If we choose m = 1, / = [0, oo) and replace A = {aj„) by the identity matrix, then 
Theorem 2.2 reduces to Theorem A. 

3. Concluding remarks 

In this section we display an example such that Theorem A does not work but Theorem 2.1 
does. 

Let A = (ajn) be a non-negative regular summability matrix such that lim/max^{ay„} = 
0. In this case we know from 1131 that A-statistical convergence is stronger than ordi¬ 
nary convergence. So, we can choose a non-negative sequence (m„) which converges A- 
statistically to 1 but non-convergent. Assume that I = [0,°°) and K := = I x L We now 

consider the following positive linear operators defined on {K): 



where / S (-^a) £ K and n £ N. 

We should remark that in the case of u„= 1, the operators Ti, turn out to be the operators 
of Bleimann, Butzer and Hahn (2) (of two variables). 

Since 



it is clear that, for all n £ N, 


Tn{fo',x,y) =u„. 


Now, by assumption we have 

sfA-lim||r„/o-/o|| =sfA-lim|M„-l| = 0. 


(3.1) 


n 


n 


Using the definition of Tn, we get 



k /n\ 



n+l \kJ 



Since 
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we obtain 


u„x 1 'U n /n -1 

"(■^1”^’^) - l+x(l+x)"-\5on+l V k 






n + 1 V 1 


which yields 


|7’„(/i;x,y) -f\{x,y)\ = 


1 +x 


n + 1 


Ufi 1 


and hence 




n 

n + 1 


Ufi 1 


(3.2) 


Since lim„ = 1 and st^ — lim„ m„ = 1, observe that st^ — lini„ = 1, so it follows 

from (3.2) that 


sfA -lim||r„/i - /ill =0. 

n 

Similarly, we get 

sfA-lim||r„/2-/2|| =0. 

n 

Finally, we claim that 


sfA-lim||7;/3-/3|| = 0 . 
n 

Indeed, by the definition of T„ we have 


Tn{h\x,y) = 


Un ^ ^ 

(l+^)"(l+3')"&i“o 





(l+x)«(l+y )”^^0 


A k{k 1) fn\ 


i“i(n + l)"V^ 


(l+x)%^ 2 (n + lf VV ( 1+-^)%=1 (n + lf 


+ ■ 


^ l{l 1) (n\ I 


(1 +yY 1=2 (« + 1 )^ V/ (1 +yY ;=i (« +1)^'^ 


(3.3) 

(3.4) 


(3.5) 


UnX^ "y {k + 2){k+l) / n \ ^ u„x ^ +1 ^ 

(n + lf U + 2 y (l+x)\^o(„+l)2 

' y '^ (^ + 2)(1 + 1) / n \ I Uny l + l , 

(l+3')”/=0 (« + l)^ V+2/ (1+}')"/=i (n +1)^^ 
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Now using the facts that 


we get 


n \ n(n — 1 ) fn — 2\f n \ n fn —1\ 

k + 2 ) ^ {k+l){k + 2 ) k k J’ 

n \ n(n — 1 ) fn — 2\f n \ n fn —1\ 


I + 2J {l + l){l + 2)\ I )'\l + l) / + 1 V I )' 


^ 1 \^fn-2 


nUn X 1 f 

(n +1)2 1+X (1+x)"^' ,“a V k 


n{n — l)Uf, y 2 j " 2 /^ _ 

(n + l )2 (l+y )2 (l+ 3 ;)n -2 ; 


nu„ y _ 1 'yfn- 

(n + l )2 l+ 3 ;(l+ 3 ;)«-l^^p\^ I 

n{n—\)un ^2 nUn x 

(n + l )2 ( 1 +x )2 (n + 1)2 1 +x 


«(«-!)«„ y2 y 

(n + l )2 (l+y )2 (n + 1 ) 21 + 3 ;’ 


which implies that 


|r„(/ 3 ;x, 3 ;) -h{x,y)\ = 


y^ \ I«(«-!)«„ 


(1 +x )2 (1 + 3 ') 2 y I (n + 1 ) 


/ X y \ nun 
Vl +x 1 + 3 ;/ (n + 1 ) 2 ' 


Taking supremum over (x, 3 ;) € K we have 


where a„ := 


||7;/3-/3|| <2(a„ + j3„), 

■ I "(«+i)2" “ ^ I •” (n+i)^ • Then, by assumption, observe that 


stA — lim a„ = stA — lim j3„ = 0 . 


Now given e > 0, define the following sets 


(3.6) 

(3.7) 


U:={n: || 7 ;/ 3 -/ 3 II > e}, 
t/i := |n: a„ > , t /2 := |n; j3„ > ||. 

By (3.6), it is obvious that U CUiUU 2 - Then, for each j G N, we may write that 

^jn ^ ^ 7/1 ■ 

n€U n€t/i n€U 2 


(3.8) 
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Taking limit as j in (3.8) and using (3.7) we have 

lim ^ Ojn = 0, 

^ n^U 

which proves (3.5). 

Therefore, using (3.1), (3.3), (3.4) and (3.5) in Theorem 2.1, we obtain that, for all 

f ^ ^W2 7 


sfA-lim||7;/-/|| =0. 

n 

However, since the sequence (m„) is non-convergent, {Tnf} is not uniformly convergent 
to /. 
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